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Abstract: In this paper, the oscillatory behavior of the solutions for a coupled Stuart-Landau oscillator model with
delays is investigated. Time delay induced partial death patterns with conjugate coupling in relay oscillators has
been investigated in the literature which is very special case because this model includes only one delay. According
to the practical problem, the propagation delays are not the same as one. A model includes six different time
delays is considered. By mathematical analysis method, the oscillatory behavior of the Stuart-Landau oscillators is
brought to the instability of a unique equilibrium point of the model and the boundedness of the solutions. Some
sufficient conditions to guarantee the existence of oscillatory solutions which are very easy to check comparing to
the bifurcating method are provided. Computer simulations are given to support the present results. Our simulation
suggests that time delays affect the oscillatory frequency much and amplitude slightly.
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INTRODUCTION

It is well known that the coupled dynamical systems with time-delays arise in various applications including
semiconductor lasers [1-3], electronic circuits [4], optoelectronic oscillators [5], mechanical system [6,
7], neuronal networks [8-13], socioeconomic systems [14], and many others [15-24]. Recently, Sharma has

investigated the following delay-coupled Stuart-Landau oscillators [25]:

Xj3 =P13¥X13 —@y13+ E[J’z (t - Ty) - 3’51,3]:

Vi3 =P13YViz + wxy3+ ﬂfE[xz (t —14) — J’l,a]: 1)
X3 =PaXy — WYy + E[yl (t - 'cy) - xz] + E[yg (t - 'cy) — xz],
Vv, =0 + wxp +aglx; (t— 1) —y] + asles(t — 1) — 2]

wherep, = 1 — xf — 3”:'2 (i = 1,2,3), w is the intrinsic frequency of each oscillator. The parameter ¢ controls
the conjugate coupling strength, T, and Ty are the propagation delays associated with the X and V variables of
the system. Initially for simplicity, the author took Tx = Ty = T, and the parameter @ (0 < @ < 1) has the

potential to control and can be easily implemented in practical situations. Time delay induced partial death
patterns with conjugate coupling in relay oscillators has been considered. However, 1, = Ty = Tisavery

special case. In this paper we consider the following general coupled time delay model:
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( X1 = Pp1X — w11Y1 + e[y (E —12) — xq],
Vi =piy1 + 011x; + agy [x(t = 65) — 1],

) Xy = DXy — WV + &30 [Y1(t — T1) — X5] + £53[y3(t — 73) — %3],
V2 = P2 + WapXy + agpp[x1(t — 01) — yo] + aesy[x3(t — 03) — y,],
X3 = P3X3 — W33Ys + €322 (t — 72) — x3],

\ V3 = P3X3 + W33Ys + aes [x,(t — 6;) — ys].

(2)

where p; = 1— xl-z —}’1-2 » time delays 7; = 0, 9;‘ =0, parameters @;; € R (i = 1.2.3). and

0 < a < 1.0ur goal is to investigate the oscillatory behavior of the solutions for model (2). Noting that there
are six different time delay values, bifurcation method is hard to deal with system (2). By means of mathematical
analysis method, the dynamical behavior of system (2) has been discussed.

PRELIMINARIES

The system (2) can be expressed in the following matrix form:

u'(t) = Au(t) + Bu(t — ) + g(u(t)) (3)

where u (t) = (x4(t), y;(t), = ,(x3 t), y3(£))7, w(t—1) = (x,(t = 6y), y1(t —79),

w ,x3(t — 03), y3(t — 73))T, Aand B boh are six by six matrices, and g (1(t)) is a six by one vector:

a11 _(1)11 0 0 0 0
W11 Ay 0 0 0 O \
_ _t 0 0 a3z —Wy; 0 0 |
A= (aij)sxe = | ’
0 0 Wz Qg 0 0
0 0 0 0 Qss —w33/
0 0 0 0 W33  Age
where ay; = 1— £12, dz = 1— &1, Q33 = 1-— E31 — &23, Qg4 = 1-— dEyp; — &gy,
ass =1 — 532’ age = 1 — asy3.
0 0 0 &, 0 O
0 0 as,; 0 0 O \
Il 0 ¢ 0 0 0 &3 |
B = (b, - 21 23
( ”)6><6 ag;; 0 0 0 ag, 0|
0 0 0 €32 0
0 0 AEy3 0 0 0
gw) = (=x} —xyf,  —xfyi—wyi, o —x3—weyd,  —xiys—yi )T
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The linearized system of (3) is

u'(t) = Au(t) + Bu(t — 1) 4)

Lemma 1 Ifmatrix M (= A+ B) isa nonsingular matrix for selected parameters, then there exists a unique
equilibrium point for system (2) (or (3)).

Proof Assume that u* = (x}, y;, -, x5, ¥3)7 is an equilibrium point of system (2), then we have the
following algebraic equation

( p1"x] — wy1y1 +&12(y; —x7) =0,
D1y + wi1X1 + agy(x; —y1) =0,
D2 X5 — V5 + €21 (V1 — x3) + £23(¥3 — x3) =0,

K0k * * * * * 5
D2"Yz + WapX; + A&y (X1 — y3) + @z (x3 — y3) =0, (5)
P3"X3 — w33y3 + &32(y; — x3) =0,
\ P3*x3 + w33y, + ags(x; —y3) = 0.

wherep;” = 1 — x;-':z — y::z (i = 1,2,3). The matrix form of (5) is the following:

Mu* =10 6)
where
mqq —wW11 0 &12 0 0
w11 myo aEyq 0 0O
M’ — i 0 &1 ms3 —Wy2 0 0 i
b
[0 22 0 W22 My, gz 0
\ 0 0 0 €32 3 —a)33/
0 0 aEys 0 w33z  Mge
_ *2 *2 _ *2 ®2 _ 2 2
Mmyy=1—x" =y — &3 My =1—%x" —y —@&y, Maz=1—x"—y," — &y — &3,
2 2 2 2 2 2
My =1 —%" —y; " — &1y — @33, Mgs =1 —x3° — Y3~ — &35, Mge =1 —x3" —y3~ — asgys.

Based on the basic algebraic knowledge, if M is a nonsingular matrix, then system (6) has a unique trivial

solution. Namely, u* = (0,0, 0, 0,0, 0)". However, when x; =y, = 0, matrix }f changes to M (=A+B).
The proof is completed.

Lemma 2 All solutions of system (2) are bounded.

Proof To prove the boundedness of the solutions in system (2), we construct a Lyapunov function

1
V(t) = i3=1 2 (xlz + 3’1'2 ) Calculating the derivative of V(t) through system (2) we get
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N

V'(O)|(2) = (xix;+ yiy)

i=1

3 2 2 3 4 2.2 4
< Y (lagdx? + bl yd) + Tewjlle| |y | = Zica (i + 22y + 9 (D
where a;, b;and ki are some constants. Obviously, when x; — o, y; = o (i = 1,2,3), x# xZy? y*

are higher order infinity than xl-z, yl-z and X;Vj, respectively. Therefore, there exists suitably large I = 0 such

that V'(t) |[2} <0 as x; > L, y; = L. This means that all solutions of system (2) are bounded.

OSCILLATION OF THE SOLUTIONS

Theorem 1 Assume that zero is the unique equilibrium point of system (2) (or(3)) for selecting parameter
values. Let @y, @5,"**, &g, &g and B4, f,**, Bs, fgbe characteristic values of matrix 4 and B, respectively. If
the real partof @; and f3; (i = 1,2,:++,6) are negative, then the trivial solution is stable. If there exists some
Re(ay) = 0 with Re(ay) = Re(|Bx]) or Re(a,) < 0 with |Re(a;)| < Re(fy), then the unique
equilibrium point of system (3) is unstable. System (3) generates an oscillatory solution.

Proof According to the basic time delay differential equation theory, Ifthe real partof e; and §; (i = 1,2, :++,6)
are negative, then the trivial solution is stable. Obviously, if the trivial solution of system (4) is unstable, then
the trivial solution of system (3) is also unstable. Therefore, we only need to prove the instability of the trivial
solution of system (4). Consider an auxiliary system of (4) as follows:

u'(t) = Au(t) + Bu(t —1.) (8)
where u(t —t.) = (xl(t —T.), }’1(?3 —T,), ", xg(t —T.), }’3(?5 - Tm))T- and
T, = nlinlEiEE{ri-Bi 3f the trivial solution of system (8) is unstable, then the trivial solution of system

(4) is unstable according to the property of delayed differential equation [26]. So we only need to show the
instability of the trivial solution of system (8).

Since &y, &3, , &5, &g and 1'31. ,82. .1'35. ,Gg.are characteristic values of matrix A and B, respectively. Then

the characteristic equation corresponding to system (8) is the following:

6 —AT.y
i=1(d—a; —Bie™") =0 9

So, we are led to an investigation of the nature of the roots for some k € {1,2,:,6}:
.H. — ak _ﬁkg—ﬂl'x - Cl (10)
System (10) is a transcendental equation which is hard to find all solutions for the equation. However, we

show that there exists a positive real part eigenvalue of equation (10) under the assumption of Theorem 1. If

Re(a;) = 0 with Re(ay) = Re(|fx]) hold let 1 = ¢ + iy, @ = agq + itz B = Br1 + 1Pkz-
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Separating the real and imaginary parts from equation (10), we have

0 = Qg1 + Prie” 7" cos(yt.) + Prae” " sin(yt.) (11)
Y = g2 — Prie” 7" sin(yt.) + Broe” 7" cos(yT.) (12)
We show that equation (10) has a positive real part root. Let

flo) =0 —ay; — Brie ™ cos(yt.) — Brze 7™ sin(yt.) (13)

Obviously, f(a) is a continuous function of ¢. Noting that 1 = |ﬁk1 | This means that there exists

o, (0 < 0, « 1) suchthat f(g,) = 0 — @y — Brre 7™ cos(yt.) — Brae 7% sin(yt.) < 0.

Since e 9% >0 as g — 40, so there exists a suitably large 03 (3’ 0) such that
f(o2) = 03 — ayy — Brre 72" cos(yt,) — Prre 2% sin(yt.) > 0. By means of the Intermediate

Value Theorem, there existsa @ € {g;, 02} such that f (@) = 0. This means that the characteristic value

A has a positive real part. Thus, the trivial solution of system (8) is unstable, implying that the trivial solution
of system (3) is unstable. Since all solutions of system (3) are bounded, the instability of the trivial solution
and the boundedness of the solutions will force system (3) to generate an oscillatory solution. For the case of

Re(ay) < 0 with |Re(ay)| < Re(By), equation (8) will have a positive root, the proof is similar and we
omit it.

Theorem 2 Assume that zero is the unique equilibrium point of system (3) for selecting parameter

values. Let p =maxy.;¢{a;+ |w;|}, g =max{|e;;| + |e32], 21| + |£23]}. If the following
inequality holds:

p+q=0 (14)
then system (3) has an oscillatory solution.

Proof We still prove that the trivial solution of system (8) is unstable. Let v(t) = X._,(|x;] + |¥;]), from the
definition of p and q we have

v'(t) = pv(t) + qu(t —1.) (15)
Consider the scalar differential equation

z'(t) = pz(t) + qz(t — 1.) (16)

According to the comparison theorem of differential equation, we have v(t) < z(t). For equation (16), the
characteristic equation associated with (16) is given by

A=p+qe " (17)

We claim that there exists a positive characteristic root of equation (17). Indeed, let h(ﬂ) = A— p — qe —At,

Then h(A) is a continuous function of A. From condition (14), we have h(0) = —p — g < 0. On the other
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hand, there exists a suitably large positive A, say A1 such that h(A,) =4 —p— qe—ﬂﬂx = (). Again from

the Intermediate Value Theorem, there exists a A€ {0- 31} such that h(ﬂ*) = 0. In other words, A* is a
positive characteristic root of equation (17), implying that the trivial solution of equation (16) is unstable. Since

v(t) =z (t) this means that the trivial solution of equation (15), thus the system (4) is unstable. It suggested
that system (2) (or (3)) has an oscillatory solution.

SIMULATION RESULTS
The simulation is based on the system (2), firstthe parameters are selected as follows:

a = 015, Wi = 065, oy = 055, 33z = 0.75 E12 = _0.2-5, £31 = 035, £33 = _028,

g3, = 0.32,timedelays 8; = 0.75, 7y = 0.7,6, = 0.65, T2 = 0.55,0; = 0.68, 73 = 0.64. Then the

characteristic values of matrix A are 1.0950 + 0.6312 i, 0.9550 + 0.5494 i, 0.8350 + 0.7338 1, the
characteristic values of matrix Bare +0.1587, +0.1510, +£0.0001. Since all characteristic value of matrix

Bare real numbers, so Re(y)= By, and Re (@;) = 1.0950 > B; = 0.1510, the conditions of Theorem 1
are satisfied. There exists an oscillatory solution for system (2) (see Fig.1). In order to see the effect of parameters
w;; we set Wiy = 0.325, w4, = 0.275, w33 = 0.375, the other parameters are the same as in figure 1,
we see that the oscillation is maintained, but the oscillatory frequencies are different (see Fig. 2). Then we
increase time delaysas#; = 1.25, T, = 1.35,0; = 1.15, 1, = 1.18,65 = 1.28, 73 = 1.32. The other
parameters are the same as in figure 2, we see that the oscillatory behavior is still maintained (see Fig. 3). Then we
change the parametersas @ = 0.75,w;; = 0.95, w4, = 0.85,w33 = 0.92,5,;, = 1-15-521 = —1.25,
£33 = 1.28, €33 = —1.32. Then p=4.49, q=0.03. Therefore, p+q= 4.52 = 0, the conditions of
Theorem 2 are satisfied. When the time delays are 91 = 0.062, 7; = 0.068, '92 = 0.06, T2 = 0.065,
6; = 0.075, 73 = 0.058,and 8; = 1.15, 1, = 1.25,6, = 1.16, 7, = 1.12,6; = 1.18, 13 = 1.24,

respectively, there exist oscillatory solutions (see Fig. 4 and Fig. 5). We pointed out that our criterion only is a
sufficient condition from our simulation.

CONCLUSION

In this paper, we have discussed the oscillatory behavior of the solutions for a coupled Stuart-Landau oscillator
model with delays. Based on mathematical analysis method, we provided some sufficient conditions to guarantee

the existence of oscillatory solutions. Some simulations are provided to indicate the correction of the criteria.
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Fig 1. Oscillation of the solutions, delays: 075, 0.7, 065,055 068, 0.64;
a=0.15, W11=|:|.55, W22=D.55, w33=D.?5.

1 | | 1
0 10 20 a0 40 50 60 70 80 a0 100
(a) Solid line: x, (1), dashed line: y, (1), dotted line: x,(t).

| 1 | | 1
0 10 20 30 40 50 60 70 80 a0 100
{b) Solid line: y.,(t), dashed line: x,(t), dotted line: y.{t).

Fig 2. Oscillation of the solutions, delays: 0,75, 0.7, 065 055 0.6, 064,
a=0.15, Wiy =0.325, w22=D.2?5, w-33=0.375.

0 10 20 30 40 50 60 70 a0 a0 100
() Solid line: x, (1), dashed line: y, {t), dotted line: x,(t).

1 1 | 1 1 1
1] 10 20 30 40 a0 G0 70 ga a0 100

(b) Solid line: y.,(t), dashed line: x,(t), dotted line: y,(t).
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Fig 3. Oscillation of the solutions, delays: 1.25,1.35,1.15,1.18, 1.28, 1.32;
a=0.15, w11=EI.325, W22=EI.2?5, w33=EI.3?5.

| 1 | 1 1 1
0 10 20 30 40 50 60 70 B0 20 100
(a) Solid line: x, (1), dashed line: y, (t), dotted line: x,(t).

| 1 | 1 1 1
0 10 20 30 40 50 60 70 50 a0 100
{b) Solid line: y,(t), dashed line: xgit), dotted line: y.(t).

Fig 4. Oscillation of the solutions, delays: 0.062, 0.085, 0.06, 0.085, 0.075, 0.058,
a=0.758, w11=D.95, w22=IZI.E|5, w33=lil.92.

~ ! 1 I ! 1 1 L
0 5 10 15 20 25 30 5 40 45 50
{a) Solid line: x, it), dashed line: y, {t), dotted line: x,(t).

’ 1
o) 1 \T’/ 1 lll"d ! ‘T/ 1 11" 1
0 ] 10 14 20 28 30 35 40 45 50
(b) Solid line: y,it), dashed line: x5(t), dotted line: y.(t).
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Fig 5 Oscillation of the solutions, delays: 1.15, 1.25 116, 1.12,1.18, 1.24,
a=0.75, w11=D.95, W22=|:|.85, w33=EI.92.

| I 1 | 1 1 1 )
0 10 20 3a 40 50 B0 70 a0 a0 100
(a) Solid line: x, 1), dashed line: y, (t), dotted line: x ().

= | :

i I Z \H"f ] e vl ] (T

0 1 20 30 40 a0 B0 70 a0 S0 100
by Solid line: 3,r2(t]|, dashed line: }{3[1], dotted line: 3,r3[t]|.

REFERENCES

[1] Franz, A.L. et al. Effect of multiple time delays on intensity fluctuation dynamics in fiber ring lasers. Phys.
Rev. E, 2008, 78, 016208.

[2] Soriano, M.C. et al. Complex photonics: Dynamics and applications of delay-coupled semiconductors lasers.
Rev. Mod. Phys. 2013, 85:421-470.

[3] Avila, M. et al. Time delays in the synchronization of chaotic coupled lasers with feedback. Opt. Express,
2009,17,021442.

[4] Reddy, D.V. et al. Experimental evidence of time-delay-induced death in coupled limit-cycle oscillators. Phys.
Rev. Lett. 2000, 85:3381-3384.

[5] Williams, C.R. et al. Experimental observations of group synchrony in a system of chaotic optoelectronic
oscillators. Phys. Rev. Lett. 2013, 110, 064104.

[6] Olejnik, P. Awrejcewicz, ]. Coupled oscillators in identification of nonlinear damping of a real parametric
pendulum. Mech. Syst. Signal Proc. 2018, 98:91-107.

[7] Kyziol, ]. Metamorphoses of resonance curves for two coupled oscillators: The case of small non-linearities
in the main mass frame. Int. J. Non-Linear Mechanics, 2015, 76:164-168.

[8] Stepan, G. Delay effects in brain dynamics. Philos. Trans. Royal Soc. A: Math. Phys. Eng. Sci. 2009, 367:1059-
1062.

[9] Singh, R.K. Bagarti, T. Coupled oscillators on evolving networks. Physica D, 2016, 336:47-52.

American Research Journal of Mathematics Page 9



OSCILLATORY BEHAVIOR FOR A COUPLED STUART-LANDAU OSCILLATOR MODEL WITH DELAYS

[10] Huang, B. et al. Information transfer and conformation change in network of coupled oscillator. T FA C -
Papers OnLine, 2016, 49:724-729.

[11] Fazlyab, M. et al. Optimal network design for synchronization of coupled oscillators. Automatica, 2017,
84:181-189.

[12] Jacimovic, V. Crnkic, A. Modelling mean fields in networks of coupled oscillators, ]. Geometry and Physics,
2018, 124:241-248.

[13] Dhamala, M. et al. Enhancement of neural synchrony by time delay. Phys. Rev. Lett. 2004, 92, 074104.

[14] Szalai, R. Orosz, G. Decomposing the dynamics of heterogeneous delayed networks with applications to
connected vehicle systems. Phys. Rev. E, 2013, 88, 040902.

[15] Tao, M. Simply improved averaging for coupled oscillators and weakly nonlinear waves. Commun Nonlinear
Sci Numer Simulat, 2019, 71:1-21.

[16] Hellen, E.H. Volkov, E. How to couple identical ring oscillators to get quasiperiodicity, extended chaos,
multistability, and the loss of symmetry. Commun Nonlinear Sci Numer Simulat, 2018, 62:462-479.

[17] Hamedani, FK. Karimi, G. Design of low phase-noise oscillators based on microstrip triple-band bandpass
filter using coupled lines resonator. Microelectronics J. 2019, 83:18-26.

[18] Papangelo, A. et al. Multistability and localization in forced cyclic symmetric structures modelled by
weakly-coupled Duffing oscillators. ]. Sound and Vibration, 2019, 440:202-211.

[19] Jafari, B. Sheikhaei, S. Phase noise reduction in a CMOS LC cross coupled oscillator using a novel tail
current noise second harmonic filtering technique. Microelectronics, 2017, 65:21-30.

[20] Barranco, A.V. Evolution of a quantum harmonic oscillator coupled to a minimal thermal environment.
Physica A: Statis. Mech. Appl. 2016, 459:78-85.

[21] Chen, W.H. Deng, X.Q. Lu, X.M. Impulsive synchronization of two coupled delayed reaction-diffusion neural
networks using time-varying impulsive gains. Neurocomputing, 2020, 377:334-344.

[22] Khatami, M. Salehipour, A. Cheng, T.C. Coupled task scheduling with exact delays: Literature review and
models. European Journal of Operational Research, 2020, 282:19-39.

[23] Reddy, D.V. et al. Time delay induced death in coupled limit cycle oscillators. Phys. Rev. Lett. 1998, 80:5109-
5112.

[24] Li, Y.Q. et al. Double Hopf bifurcation and quasi-periodic attractors in delay-coupled limit cycle oscillators.
J. Math. Anal. Appl. 2012, 387:1114-1126.

[25] Sharma, A. Time delay induced partial death patterns with conjugate coupling in relay oscillators. Physics
Letters A, 2019, 383:1865-1870.

[26] Kolmanovskii, V.B. Myshkis, A.D. Introduction to the theory and applications of functional-differential
equations. Kluwer Academic Publishers, Dordrecht. 1999.

Citation: Chunhua Feng “Oscillatory behavior for a coupled Stuart-Landau oscillator model with delays”.
American Research Journal of Mathematics, vol 6, no. 1, 2020, pp. 1-10.

Copyright © 2020 Feng C, This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.

American Research Journal of Mathematics Page 10





