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INTRODUCTION
In the two decades, various isolated and coupled Duffing oscillators or Duffing-van der Pol oscillators with or without time 
delays have been studied extremely [1-21]. For example, Schulen et al. have investigated the following modified form of van 
der Pol oscillators [1]:

where  = 0.05 and  i= 1,2, n. The authors presented a technique to engineer solitary states which are intrigued partial 
synchronization patterns. The extent of displacement and the position of solitary elements can be completely controlled by 
the choice and positions of the incorporated delays, reshaping the delay engineered solitary states in the system. Zhang et al. 
have investigated three coupled van der Pol oscillators with delay as follows [2]:

By using a symmetric Hopf bifurcation theory, the Hopf bifurcations at zero point appear as the delay increases and the 
existence of multiple periodic solutions are also established. For a four coupled van der Pol oscillators without time delay 
system, the synchronization dynamics has been discussed. The stability boundaries and the main dynamical states are 
reported on the stability maps in the plane [3].  Wang and Chen have considered a ring of coupled van der Pol oscillators 
with time delay coupling which are described by the following model [4]:

By using the method of multiple scales, the amplitude equations are obtained. Two parameters including time delay and the 
coupling strength are chosen as the bifurcation parameters, and then the dynamical behavior arising from the bifurcation 
is classified qualitatively in two-parameter plane. Kwuimy and Woafo have investigated a self-sustained electromechanical 
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Abstract
In this paper, a system of n coupled damped Duffing resonators driven by m van der Pol oscillators with delays is studied. 
Some sufficient conditions to ensure the permanent oscillation for the system are established. Computer simulation is 
given to demonstrate the result of our criterion.
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system made up of an electrical implementation of a van der Pol-Duffing type oscillator driving a macro scale mass-spring-
damper linear oscillator. Using fundamental laws such as Newton and Kirchhoff laws, the parts of the system are characterized 
and constraints for experimental realization of a prototype are defined.  Experimental simulations reveal that the proposed 
device exhibits periodic oscillations and complex dynamics [5]. In order to understand the emergent behavior of coupled 
dynamical systems and develop novel naro-electro-mechanical systems devices, Randrianandrasana et al. have considered 
the dynamics of a periodically driven Duffing resonator coupled to a van der Pol oscillator as follows [6,7]:

By means of bifurcating method, Leung et al. have studied the following damped Duffing resonator driven by a van der Pol 
oscillator [8]:

By solving nonlinear algebraic equations, highly accurate bifurcation frequencies for various parameters are provided. The 
effects of the nonlinear damping, coupling stiffness on the angular frequency and amplitude of steady state response are 
studied. The obtained results were in good agreement with respect to the numerical integration solutions.  Motivated by 
the above research work, in this paper we will deal with the following mathematical model of n coupled damped Duffing 
resonators driven by m coupled van der Pol oscillators

where represents coordinate,  and are the damping coefficient, linear frequency and nonlinear 
stiffness of the Duffing resonator respectively.  ,  are the coupling linear stiffness.  By means of mathematical analysis 
method, some sufficient conditions to ensure the permanent oscillation of system (6) were obtained.  Numerical simulation 
is provided to support our result. It should be emphasized that if the constants  , , ,   and    are different 
values, the method of Hopf bifurcation is very hard to deal with system (6). This is due to the complexity of finding the 
bifurcating parameter. 

PRELIMINARIS

Let  It is convenient 
to write (6) as an equivalent 2(n+m)-dimensional first order system:

(4)

(5)

(6)
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where   . The matrix form of system (7) is as follows:

Where

 

where 

Obviously, the linearized system of (7) is the following:

Definition 1 A solution of system (6) is called oscillatory if the solution is neither  eventually positive  nor  eventually 
negative. 

(7)

(8)

(9)
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Lemma 1 Assume that system (6) has a unique equilibrium point and all solutions are bounded. If the unique equilibrium 
point of system (6) is unstable, then system (6) generates a limit cycle. In other words, there exists a permanent oscillatory 
solution of system (6).

Proof  See [22] and the appendix of [23].

Lemma 2 For selected parameter values  if the following coefficient matrix  M of system (12) is a 
nonsingular matrix, then system (6) ( or equivalent system (7)) has a unique equilibrium point.

Proof An equilibrium point  of system (7) is a constant solution of  the following algebraic 
equation

Since   from (10) we have

We first consider the homogeneous system associated with system (11) as follows:

Since M is a non-singular matrix, the determinant of the coefficient matrix of system (12) does not equal to zero. According 
to the algebraic basic theorem, system (12) implies that In other words, system 
(12) has a unique trivial solution. Noting that in system (11), (  are monotone 
functions, and only  This implies that  is the unique equilibrium point of the system 
(6). The proof is completed.

Lemma 3 Assume that   then all solutions of system (6) (or equivalent system (7)) are bounded.

Proof To prove the boundedness of the solutions in system (6), we construct a Lyapunov function 

Calculating the derivative of   through system (6), we derive that

(10)

(11)

(12)
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Noting that as  tend to positive or negative infinity,  are higher order positive infinity. Since  
   this means that there exists suitably large  such that  as  . 

It suggests that all solutions of system (6) (or equivalent system (7))are bounded.

For a matrix  we adopt the following norm of the matrix      and the matrix measure  
[24].

THE EXISTENCE OF PERMANENT OSCILLATORY SOLUTIONS
Theorem 1 Suppose that system (7) has a unique equilibrium point and all solutions are bounded for selecting parameters. 
Let and denote the eigenvalues of matrices P and Q, respectively. αi= αi1+ i αi2 (αi2 
may be zero), βi= βi1+ i βi2 (βi2 may be zero), then

For some (1)	 k( , or

All (2)	   there is at least one  such that Re ( ) > |Re ( )|.

Then the trivial solution of system (9) is unstable and system (7) generates a permanent oscillatory solution.

Proof To avoid unnecessary complexity, corresponding system (9) we consider the following auxiliary system as 

where . The characteristic equation of (14) is the following:

where E is the  by  unit matrix. Immediately we have that

(14)

(15)

(16)
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If we let  be the eigenvalue of system (16), then for some  we get

We shall show that  and there is an eigenvalue which has a positive real part for system (16). Indeed, let 
, then is a continuous function about Since  one can select 

a suitable delay  such that  Therefore, 
On the other hand, there exists a suitably large  such that > 0. By 
the continuity of  there exists a positive  such that . If   there is a > | |. We 
still have  holds. Thus, there is an eigenvalue of the characteristic equation 
associated with system (14) which has a positive real part. This means that the trivial solution of system (14) is unstable, 
implying that the trivial solution of system (9) for  is unstable. For a time delayed 
system, if the trivial solution is unstable, then the instability of the trivial solution will be maintained as time delay increases. 
Therefore, for any delays in the system (9), thus the system (7) is also unstable. Based on Lemma 1, this implies that system 
(7) generates a permanent oscillatory solution. We select a suitable delay such that the system has an oscillatory solution, 
this oscillation is said to induce by time delay. The proof is completed.

Theorem 2 Assume that system (7) has a unique equilibrium point and all solutions are bounded for selecting parameters. 
If the following condition holds

then the trivial solution of system (9) is unstable and system (7) generates a permanent oscillatory solution.

Proof We still prove that the trivial solution of system (14) is unstable. From (14), when each we have

when  each   we have

Therefore, we get

Let , we consider  a scalar time delay equation

If the unique equilibrium point of system (22) is stable, then the characteristic equation associate with (22) given by

will have a real negative root say and we have from (23)

Using the formula one can get

 

The last inequality contradicts the equation (18). Therefore our claim regarding the instability of the equilibrium point of 
system (14) is valid. Based on Lemma 1, system (7) generates a permanent oscillatory solution.

COMPUTER SIMULATION RESULT

First we consider n=3 and m=1 as the following:

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)



www.arjonline.org 7

Permanent Oscillation for a System of n Coupled Unbalance Damped Duffing Oscillators with Delays

System(26) can be written as

In system (26), we select ε1=0.065, ε2=0.075, ε3=0.085, ε4=0.095; Ω1
2=0.058, Ω2

2=0.054, Ω3
2=0.056, Ω4

2=0.055; k1=0.85, 
k2=0.75, k3=0.95; a13=0.0645, a15=0.0564, a17=0.0575, a31=0.0285, a35=0.0265, a37=0.0225, a51=0.0285, a53=0.0265, a57=0.0295, 
a71=0.0288, a73=0.0264, a75=0.0275; b24=-0.0385, b26=0.025, b28=0.075, b42=0.018, b46=0.055, b48=0.05, b62=-0.085, b64=0.0125, 
b68=0.015, b82=0.35, b84=0.75, b86=0.15. The eigenvalues of P1are -0.0325±0.2886i,-0.0375±0.2293i,-0.0425±0.2371i,-
0.0475±0.2297i  and the eigenvalues of Q1are -0.1144±0.2459i,-0.0623,0.0740,0,0,0,0. Obviously, 0.0740>0.0475. It is easy 
to check that the conditions of Lemma 2, Lemma 3 and Theorem 1 hold. When time delays are selected as τ1=0.95, τ2=0.86, 
τ3=0.80, τ4=0.75, τ5=0.82, τ6=0.75, τ7=0.84, τ8=0.85 and  τ1=0.85, τ2=0.86, τ3=0.90, τ4=0.82, τ5=0.85, τ6=0.88, τ7=0.84, τ8=0.8, 
respectively, system (26) generates a  permanent oscillation (see Fig. 1 and Fig.2). However, when delays are increased as 
and  the other parameters are the same as in Fig. 2, we see that the oscillatory behavior is maintained.  But the oscillatory 
frequency is changed (see Figures 3A and 3B).

Then we consider n=2 and m=3 as the following:

System(28) can be written as

(26)

(27)

(28)

(29)



www.arjonline.org 8

Permanent Oscillation for a System of n Coupled Unbalance Damped Duffing Oscillators with Delays

In system (28), when we select ε1=0.065, ε2=0.075, ε3=0.085, ε4=0.095, ε5=0.088; Ω1
2=0.058, Ω2

2=0.054, Ω3
2=0.056, Ω4

2=0.055, 
Ω5

2=0.058; k1=30, k2=20; a13=-0.845, a15=0.0564, a17=-0.675, a19=0.0568, a31=-0.0785,   a35=0.0265, a37=-0.625, a39=0.0242, 
a51=-0.0285, a53=0.0265, a57=-0.0295, a59=0.0245, a71=-0.0288, a73=0.0264, a75=-0.0275, a79=0.045, a91=-0.015, a93=0.067, 
a95=-0.025, a97=0.045; b24=-0.095, b26=0.025, b28=-0.096, b210=0.035, b42=-0.058, b46=0.055, b48=-0.072,    b410=0.045, b62=-
0.085, b64=0.025, b68=-0.015, b610=0.25, b82=-0.035, b84=0.075, b86=-0.045, b810=0.045, b102=-0.035, b104=0.065,    b106=-0.082, 
b108=0.025. and delays are τ1=2.45, τ2=2.55, τ3=3.60, τ4=3.12, τ5=2.52, τ6=2.64, τ7=2.54, τ8=2.48, τ9=2.46, τ10=2.42, then 
‖Q2‖=2.012,    |μ(P2)|=0.93 and τ*=2.42. Thus, we have ‖Q2‖|μ(P2)| e2 τ*

2=2.012×0.935×e2×2.42×2.42=81.4016 and 
4e|μ(P_2)τ*=4×e2.2627=38.433. Obviously, condition (18) holds. Based on Theorem 2, system (28) has a permanent oscillatory 
solution (see Fig. 4). Then we change time delays as τ1=1.45, τ2=1.55, τ3=1.54, τ4=1.50, τ5=1.52, τ6=1.62, τ7=1.54, τ8=1.48, τ9=1.46, 
τ10=1.42 and k1=50, k2=40, system (28) also has a permanent oscillatory solution (see Fig. 5).
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CONCLUSION
This paper discussed a system of n coupled damped 
Duffing oscillators driven by m van der Pol oscillators with 
delays. Some sufficient conditions to ensure the permanent 
oscillation for the system are established. This oscillation is 
induced by unbalance damped oscillators and time delays. 
When permanent oscillations occur, delays only affect the 
oscillation frequency. Some results in the literature have 
been extended.
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