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ABSTRACT

In this paper, a system of n coupled damped Duffing resonators driven by m van der Pol oscillators with delays is studied.
Some sufficient conditions to ensure the permanent oscillation for the system are established. Computer simulation is
given to demonstrate the result of our criterion.
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INTRODUCTION

In the two decades, various isolated and coupled Duffing oscillators or Duffing-van der Pol oscillators with or without time
delays have been studied extremely [1-21]. For example, Schulen et al. have investigated the following modified form of van
der Pol oscillators [1]:
P 1 g A witp
EU; = U; — Eui —v;+ EE}':i—p[buu[uj[t — Tl T ui) + buv (_ﬂj[t — Tl T yi)]

(1)
ﬂ: = Uy ¢ a+ %E;:F:—*p [bvu[uj (.t - Tz'_;l') - uz’) + bz:z: [y}' (.t - Tz'_;l') - wt)]

where £ = 0.05 and i= 1,2, -*-,n. The authors presented a technique to engineer solitary states which are intrigued partial
synchronization patterns. The extent of displacement and the position of solitary elements can be completely controlled by
the choice and positions of the incorporated delays, reshaping the delay engineered solitary states in the system. Zhang et al.
have investigated three coupled van der Pol oscillators with delay as follows [2]:

xy oy — e (1= x])xy = k[x,(t —1) — %, (t —7)] + k[x3(t — 1) —x,(t —7)]
xy + 2, — 5 (1 —x)xg = klxg(t— 1) — 2, (6 — )] + k[x,(t — 1) — x,(t - 7)] (2)
a3 + x5 — & (1 —x3)ag = k[xy(t — 1) — x3(t — )] + k[x,(t — 1) — x3(t — 7)]

By using a symmetric Hopf bifurcation theory, the Hopf bifurcations at zero point appear as the delay increases and the
existence of multiple periodic solutions are also established. For a four coupled van der Pol oscillators without time delay
system, the synchronization dynamics has been discussed. The stability boundaries and the main dynamical states are
reported on the stability maps in the plane [3]. Wang and Chen have considered a ring of coupled van der Pol oscillators
with time delay coupling which are described by the following model [4]:

uy (t) — [cx - ﬁui(t])u’l[t] +au,(t) = Alus(t—1)],

us(®) 7 (@ - FBO)s() + auy(©) = Alus (¢~ ) ®
w4 (t) — [rx - ﬁui—itﬂ)u;—ltt} + au,_,(t) = Alu, (t — )],

W) — (a — B (D) (6) + an, (1) = Al (¢ )],

By using the method of multiple scales, the amplitude equations are obtained. Two parameters including time delay and the
coupling strength are chosen as the bifurcation parameters, and then the dynamical behavior arising from the bifurcation
is classified qualitatively in two-parameter plane. Kwuimy and Woafo have investigated a self-sustained electromechanical
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system made up of an electrical implementation of a van der Pol-Duffing type oscillator driving a macro scale mass-spring-
damper linear oscillator. Using fundamental laws such as Newton and Kirchhofflaws, the parts of the system are characterized
and constraints for experimental realization of a prototype are defined. Experimental simulations reveal that the proposed
device exhibits periodic oscillations and complex dynamics [5]. In order to understand the emergent behavior of coupled
dynamical systems and develop novel naro-electro-mechanical systems devices, Randrianandrasana et al. have considered
the dynamics of a periodically driven Duffing resonator coupled to a van der Pol oscillator as follows [6,7]:

{x’ftt) + ey} (£) + x4 (£) + sax3(£) = sBx,(£) — x,(£)) + eFeos (0r)
xf (8) + +ep (x3(0) — Dxs(8) + 1,(8) = B (3 (8) — x,(8)

By means of bifurcating method, Leung et al. have studied the following damped Duffing resonator driven by a van der Pol

(4)

oscillator [8]:

{xi’ (£)+ 2,25 (8) + 0Fx (£) + kyxi (1) = &, [xz (t)— xl(tj) -

x5 (£) + &, (x5 () — Dxi(t) + 03x,(2) = kc[xl(t] —x, [t:])

By solving nonlinear algebraic equations, highly accurate bifurcation frequencies for various parameters are provided. The
effects of the nonlinear damping, coupling stiffness on the angular frequency and amplitude of steady state response are
studied. The obtained results were in good agreement with respect to the numerical integration solutions. Motivated by
the above research work, in this paper we will deal with the following mathematical model of n coupled damped Duffing
resonators driven by m coupled van der Pol oscillators

( xy (£) + £,25 () + 02y () + kg2 (8) = Z727 py ( (t—1y) —x,(t- ’31])
+ ?'!j:nqu( ( 1”*1}) (‘-L_ﬁﬁjr

11 (0) + 25 (8) + 03, (6) + kpx3(0) = ZiiTay (3, (1 = Fy) — (2 - 7))
t ;!Jrﬂ“"' 2j ( [ - ﬁl}') —x(t _ﬁ:jjr

x, (t) +e,2, (1) + ﬂixn(t] + knx:[t] = ;’J’l”}*n Pyj | X ( }-[t —fn}-) —x,(t— fn]) (6)
+E_?+:ﬂ"‘n q?‘!_;l ( f[t _.IE’H_;I') - I; (t_ ﬁ’nj)!

Xpaq(t) +op4q(x :—z+1(tj 1)xp44(t) +ﬂn+1xn+1(tj = E?+E,—n+1pn+l.}( (‘-L _fn+Lj)
x:—:+1( :—:+1D T E;HﬂmH qn+1,_; ( f( Ff:—:+1;) x;H(t - ﬁn+lj)!
.'r:+m (tj t En+m( n+m(tj 1jxn+m(tj t ﬂ.'r:+m n+m(tj En+m lp-‘fﬁm.j(x}'[t_ f.‘r:+m,}')

\ “Xntm (t n+mjj _I_E:—Hm lqn+m-} (xf[ -‘u’n+m_;l) x:ﬁm (t_ﬁn+mj)'

where x; = x; (t)represents coordinate, £, ﬂf and k;are the damping coefficient, linear frequency and nonlinear
stiffness of the Duffing resonator respectively. p, 5 Gg;are the coupling linear stiffness. By means of mathematical analysis
method, some sufficient conditions to ensure the permanent oscillation of system (6) were obtained. Numerical simulation
is provided to support our result. It should be emphasized that if the constants £;, ﬂf, k. p i i T, i and [, jare different
values, the method of Hopf bifurcation is very hard to deal with system (6). This is due to the complexity of finding the
bifurcating parameter.

PRELIMINARIS

LetTy =T1,T3 = T2, Tag—q = T3 Ty = g, Ta = fg s Top = Hyr G 2j-1 = Pij» b:‘,l' = g Itis convenient
to write (6) as an equivalent 2(n+m)-dimensional first order system:
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U.Jl = Uy,
Uy = —& Uy — Q%ul - klu.? + E}’I:—;n al’zj_l[uzj_l (t — IZj—l) - ul(t - T1)]

+ 2727 by [y (f - 1y) —up(t = 1)],

u3 = 114,
o 2 n+m
Upy = —Eplpp _‘Q'nu2n—l k uZn 1T 2ij=1,j2n Q2n-12j-1 [“-2,:‘—1(*t —T2j—1)
n+m (7)
3 ~Upp—1 (£ = Top—1)] + j—1+n Dan2j [Uaf (t = Tz;’) — Uy (t = T20)],
I
Upn+1 = Ugn+2

!
Up(n+m)-1 = U2(n+m);

! 2 2

Wm+m) = En+mU2(n+m) = En+mU2(n4m)-1%2(n+m) — Q1r1+’m1’*:2('n+7nf1]—l
n+m-1

tlj=1 a2(n+m)—1,2j—l[u-2j—1(t = 1'2;'—1) = uz(n+m)—1(f - Tz(n+m)—1)]

Zn+m 1 bz(n+m),2j [uzj (3: — sz) - uz(n+m)(t - Tz(n+m))]

where u; = u,(t) (i =1,2,--, 2(n +m)). The matrix form of system (7) is as follows:

U'(t) =PU(t) + QU(t — 1) + € (U(1)) (8)
Where
U(tj = [ul(t] g (tj e Uzinem) (tj] U[:t _Tj = [ul(t_ leru"(t _T"jf e
T
Ua(n+m) (.t T"'?!‘l'm})] ¢[U[tj) - [ ’ 1‘1,1',1,0 —k, 'LL-., T _En+mu”ln+m} 1l ln+m}:| '
0 1 0O 0 0 0
03 —g 0 0 0 0
0 0 0 1 0 0
i R 0 0,
0 0 0 0 0 1
0 0 0 0 " i Enim
0 0 o 0 - 0
421 q 22 G253 Gzs ~~  Q22(ntm)
':I D ':I T ':I
Q= )y mpateny | T G G G Tazeem
0 0 0 0 0
q:':?‘!-l'?‘n}_.i anm “am T e q:frz+m},2{n+m}
where G = _Zn f’laL‘} —qrfar = _Zni‘?‘lbz 2_;!."!qﬂln+m},¢ln+m} b"'n+m},;ln+m}

Obviously, the linearized system of (7) is the following:
U'(t) =PU(t) +QU(t —T) 9)

Definition 1 A solution of system (6) is called oscillatory if the solution is neither eventually positive nor eventually
negative.
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Lemma 1 Assume that system (6) has a unique equilibrium point and all solutions are bounded. If the unique equilibrium
point of system (6) is unstable, then system (6) generates a limit cycle. In other words, there exists a permanent oscillatory
solution of system (6).

Proof See [22] and the appendix of [23].

Lemma 2 For selected parameter values &;- 07k, @;;» by if the following coefficient matrix M of system (12) is a
nonsingular matrix, then system (6) ( or equivalent system (7)) has a unique equilibrium point.

Proof An equilibrium point U" = [uj, U5, ", Uirpim) ] of system (7) is a constant solution of the following algebraic
equation

( uﬁ = EL
® . n n :-c —
uy = l]
n+m ® n+m —
Enu4—ﬂnu3 k 'u- + } Lj:zﬂ-g‘__} 1('u-n _'u-aj-l' } 1}..u1b ( - j ':I
nt+m
-{: _E un —ﬂ ‘Lt,nn 1_k uﬂn 1+ _lej-a_;'.:n ﬂrﬂn :L- _;I i ‘Ltn} 1 ?‘1 1j (10)
ntm ® —
+ i=1,jxn b" n.2j [uzj _U’Zn] =0,
uﬂn+ﬂ = ':I_'
ui['n_'_?,ﬂ = D,
2 ®
En+mu"ln+m} n+mu"ln+nﬂl 1”’ (n+m) nn+mu2(n+m}—1
n+m 1 n+m 1 ® £ —
\ T a:(n+nﬁ—L2}'—1(u2}'— — Uy(nsmy-1) T E bE':er},E_;l' [“2;‘ — Uz(pim)) = 0
Sinceu; = 0,uy =0, ,Uspspmy = 0, from (10) we have
L ntm ® —
_ﬂ1u1+2'-" aLE}'—l(u"j—l uy) = klulr
_ nt+m —
03 ua + ~j=1=1 a:;; 1(“" ] k u (11)
nt+m ® —
ﬂn+m 1US () 3 +E; =1,jzn+m—1 %2(ntm)-3,2j-1 “"; 1 “2|in+m}—3) =0
n+m 1 —
n+mu”'n+nﬂ T Baimem)-1,2j-1 “"; 1 “2|1n+m}—1) =0
We first consider the homogeneous system associated with system (11) as follows:
_ n+ usy =
( Qful + X7 ay 54 (u3;_y —ui) =0,
- ntm L aEY
ﬂzua + ~j=1,22 ':IL:} 1(”" u3) =0, (12)
= —
ﬂn+m—1u"'n+m} 3T ; 1,_;-.-n+m -1 Q2(pn+m)-3,25- 1[ 2j-1 uzin+m}—3) =0,
n+m 1 —
\ n+mu"|n+m} 1‘|‘ a:(n+nﬂ—1,:;‘—1[ 2j-1 u!':n+m}—1) =0.

Since M is a non-singular matrix, the determinant of the coefficient matrix of system (12) does not equal to zero. According
to the algebraic basic theorem, system (12) implies that #] = 0,u3 = 0, -, U3(n2m)—1 = 0. In other words, system
(12) has a unique trivial solution. Noting that in system (11),k,,; 4 (u%; 4 ) = k,(2¢33_1) (4 = 1.2, ---, %) are monotone
functions, and only 72; 1 (0) = O.This implies that U* = [0, 0, ---, ]T is the unique equilibrium point of the system
(6). The proof is completed.

Lemma 3 Assume that £; == 0, k;, = 0, then all solutions of system (6) (or equivalent system (7)) are bounded.

Proof To prove the boundedness of the solutions in system (6), we construct a Lyapunov function

Zint+m)

v =35 Y W)

i=1
Calculating the derivative of V() through system (6), we derive that
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D+ V(tjlléj
= U U,

ntm

Ty | —egug — ﬂiui - klui + Z am;‘—i[uzj—i[t - T:j—1) —uy(t— le]
j=z

+ Z by gy [ua;(t — 72y ) —up(t— T:)]) +uzly o

+u2':n+:vn} En+mu2{n+m} T EnrmUaintm) 1Y 2insm) T ﬂn+mu2':n+rn}—1

ntm—1

+ E Ap(nsm)-1,25-1[U2j-1 [:t - Tz;‘—l) - u:':n+m}—1[t - T:{n+m}—1)]
=1
ntm-—1

+ Z b:(n +m},2_;|'[u2_;l'[t - TE_;I') — Uz(nt+m) [t ~ Ta(n+m) )]
=1

=uUqUy; — Fuy — Dugu,

nim
Tu, Z @yjoafa;g (8 — 7554 ) —us(t — )]
ntm =
+ baz2; [uﬂj'[t - TZ}') —uy(t— )] | +uguy + -
j=2

I - T 3., _ 2 2
kjuju, — Rkyusu, EntmUa(nem) —1 U2 (ntm)

Noting that as ;- 11t2; tend to positive or negative infinity, U'E:_;l'— 1y ruzz_;l'—luzz_;f are higher order positive infinity. Since
£; = 0, k; = 0, this means that there exists suitably large L = 0 such that D* V()]s < 0 as lus;_4|= Land |uy;| > L,
It suggests that all solutions of system (6) (or equivalent system (7))are bounded.

Foramatrix ® = (di;) . weadopt the following norm of the matrix IDIl = masx, .., |d,;| and the matrix measure
pl(D) = MaXy - =n [d}'_;l' + E?Zl,:‘:j |d:‘_;l‘ |)[24]
THE EXISTENCE OF PERMANENT OSCILLATORY SOLUTIONS

Theorem 1 Suppose that system (7) has a unique equilibrium point and all solutions are bounded for selecting parameters.
Let @1 F2: """+ @ainsmyand F1. 5z *** - Baen+m) denote the eigenvalues of matrices P and @, respectively. a= a + i a,, (a,
may be zero), = B+ 1B, (B, may be zero), then

(1) Forsomek(k € {1,2,---,2(n +m)}, a,,; = Oor

2

(2) All e,y <= 0, there is at least one k such that Re ({8,;) > [Re (ct;,)|.
Then the trivial solution of system (9) is unstable and system (7) generates a permanent oscillatory solution.

Proof To avoid unnecessary complexity, corresponding system (9) we consider the following auxiliary system as

T, =1, (i=12-,2(n+m))

U'() =PU(t) + QU(t —1,) (14)
where T, = min{ri, Tz "+ T2 (ntm) } The characteristic equation of (14) is the following:
det[AE — P —Qe™*™] =0 (15)
where E is the 2(n + m) by 2(n + 1) unit matrix. Inmediately we have that
Z(mtmlr, _ -ir.] _ 16
H;':l [‘;I' a; ﬁ}-e i ] =0 (16)
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Ifwelet A = ¢ + iw be the eigenvalue of system (16), then for some e, ; = Owe get

{a — ayy — e " cos(wr,) =0 (17)
w— @y — fr.e " sin(wr,) =0

We shall show that o = 0 and there is an eigenvalue which has a positive real part for system (16). Indeed, let
flo) = o0 — a,q — fr1e "7 cos(ewt.), then F(o)is a continuous function about .Since .4 = 0, one can select
a suitable delay T, such that 8, ,e 7™ cos(wT_) = — a,,. Therefore, F{0) = — a4 — Fr1e " cos(ewT,) =< O.
On the other hand, there exists a suitably large & (= 0) such that f(&) = & — a,; — By1e 7 "~ cos(wt,)> 0. By
the continuity of f (&), there exists a positive #* € (0, & )suchthat f(s*) = 0.Ifa,, < O, thereisa §,,> |a,,|. We
still have f(0) = — ayy — Br1e 7 cos(wT,) < 0 holds. Thus, there is an eigenvalue of the characteristic equation
associated with system (14) which has a positive real part. This means that the trivial solution of system (14) is unstable,
implying that the trivial solution of system (9) for T; = T; = *** = Tz{p4m) — T. is unstable. For a time delayed
system, if the trivial solution is unstable, then the instability of the trivial solution will be maintained as time delay increases.
Therefore, for any delays in the system (9), thus the system (7) is also unstable. Based on Lemma 1, this implies that system
(7) generates a permanent oscillatory solution. We select a suitable delay such that the system has an oscillatory solution,
this oscillation is said to induce by time delay. The proof is completed.

Theorem 2 Assume that system (7) has a unique equilibrium point and all solutions are bounded for selecting parameters.
If the following condition holds

lQll Iu(P)le?z? > gelsi (9
then the trivial solution of system (9) is unstable and system (7) generates a permanent oscillatory solution.
Proof We still prove that the trivial solution of system (14) is unstable. From (14), when each u; (t) = 0 we have
% = PU(t) + QU(t —7.) (19)
when each u;(t) < 0 we have
470 = —pu(e) — Qu(t—1.) (20)
Therefore, we get rmamr ) )
S < (P I e D1+ QI E S (e =) | @y
Letz(t) = f':Tm} |, (t) |, we consider ascalar time delay equation
“0 < u(P)=z(8) + lIQllz(t — 7.) (22)
If the unique equilibrium point of system (22) is stable, then the characteristic equation associate with (22) given by
A= p(P) +lIQlle~* (23)
will have a real negative root say 4 and we have from (23)
120l 2 llQlle™ = |u(P)] = lIQlleVel™ — |u(P)| 4
Using the formula e® = %xz (xx = 0)one can get
- ||@||elinlr. _ T&||@.||‘5,I:Iwiit’]ll+Iz1.;|3nr. . g~ (P,
(P + 14, (lu(P)+ 145D,
ol P up) 412,)) _ llglle® <21 ue) (25)
= 4 PRI

The last inequality contradicts the equation (18). Therefore our claim regarding the instability of the equilibrium point of
system (14) is valid. Based on Lemma 1, system (7) generates a permanent oscillatory solution.

COMPUTER SIMULATION RESULT

First we consider n=3 and m=1 as the following:
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f Uy = U,
uh = —gu, — Nfu, —kyul + E‘?_,. Gy 95— 1[14-,2}._1& — 72}'—1) —u,(t—1,)]
+E4—" by 5;[u; [t )—u:(r—r:]],
Uy = uy,
Uy = —55Uy — ﬂguﬁ ks uEI + E} 1j#2 a‘E,:_;‘—i[uzj—l [t - T:_;-‘—1} —ug(t—14)]
) + E;':L;':: b4,2_;|' [u:j[t - Tz_;f} —uy(t—1,)] (26)
U = u,,
Ug = 3y — “2”5 —kqug + Ej—x;‘*ﬂ 25— 1[“"; ([t —7p) —us(t— 73],
u'? = Ug,
U = g,y — gyusUg — DU, + 2221 Q7371 [“2}'—1[:‘: — TE}'—l) —u.(t —1,)]
\ +E§=1b8,2}'[u2}'[r_T2}') —ug(t—15)].

System(26) can be written as

U'(t) = PyU(t) + QuU(t — 1) + 2(U(t)) (27)

In system (26), we select £,=0.065, £,=0.075, £,=0.085, £,=0.095; QIZ=O.058, QZZ=0.054, Q32=0.056, Q4Z=O.055; k,=0.85,
k,=0.75,k,=0.95;a ,=0.0645,a,.=0.0564,a,,=0.0575,a,,=0.0285,a,.=0.0265,a,,=0.0225,a,,=0.0285,a.,=0.0265,a_,=0.0295,
a,,=0.0288,a,,=0.0264,a,.=0.0275;b,,=-0.0385,b,,=0.025,b,.=0.075,b,,=0.018,b,,=0.055,b,,=0.05,b,=-0.085,b_,=0.0125,
b,=0.015, b, ,=0.35, b ,=0.75, b, =0.15. The eigenvalues of P are -0.0325+0.2886i,-0.0375+0.2293i,-0.0425+0.2371i,-
0.0475+0.2297i and the eigenvalues of Q are -0.1144+0.2459i,-0.0623,0.0740,0,0,0,0. Obviously, 0.0740>0.0475. It is easy
to check that the conditions of Lemma 2, Lemma 3 and Theorem 1 hold. When time delays are selected as ‘r1=0.95, 7,=0.86,
1,=0.80, T4=0.75, 1,=0.82, T6=0.75, 1,=0.84, 1'8=0.85 and rl=0.85, 1,=0.86, 1,=0.90, 1,=0.82, ‘E5=0.85, 1,=0.88, 1,=0.84, 1,=0.8,
respectively, system (26) generates a permanent oscillation (see Fig. 1 and Fig.2). However, when delays are increased as
and the other parameters are the same as in Fig. 2, we see that the oscillatory behavior is maintained. But the oscillatory
frequency is changed (see Figures 3A and 3B).

Then we consider n=2 and m=3 as the following:

( U = U,
Uy = —& U, — ﬂiul - kﬂ"’i + Z?=2 aLZ}'—l[uzj—l(_t - Tz;—1) —uy(t—14)]
+E5_,. bs o5 “2;‘& - T:;‘) —uy(t—1,)],
U3 = Uy,
uly, = —gu, — QGu, — k,ud + Z?_L}-,ﬂ g z7—1[Ug;- 1[:.‘ — Ty 1) —ug(t—13)]
+ 5ot 2 Bag; [, (t — 755) —uy(t —7,)]
Uz = U,
QUG = Sl — Eaugua - ﬂguE + Z_?=1,_;l':3 ‘15,2;'—1[1"'2;'—1 [:t - T:j—l) —ug(t—15)] 28)
+ Z?=1J:3 b 2 [I"'E}'[t - TZJ’) —ug(t —7g)],
U, = Ug,
Uy = g4lUg — 5411%“3 - ﬂiu? + Z_?—l_;l"*é Q7aj— 1[“2;‘—1 [:t - T:j—l) — u,(t—1;)]
+E} —1,jz4 D [t )—us(t—'rs]],
U = Uy,
Ujg = E5lyg — 55113“10 - ﬂgua + E_?=1 a?«,:;‘—l[“:;—l[t - 1:2_;,-_1) — ug(t —15)]
| +E?=1 bm,zj [uzj'[:t — Taj ) — Uyt — T49)]-
System(28) can be written as
U'(8) = PU() + QU(t — 1) + 2(U(D) 29)
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In system (28), when we select £ =0.065, £,=0.075, £,=0.085, £,=0.095, £.=0.088; le=0.058, QZZ=0.054, Q3Z=0.056, Q4Z=0.055,
Q.?=0.058; k =30, k,=20; a,,=-0.845, a,.=0.0564, a,,=-0.675, a,,=0.0568, a, =-0.0785, a,.=0.0265, a,,=-0.625, a,,=0.0242,
a;,=-0.0285, a,=0.0265, a,,=-0.0295, a,,=0.0245, a,,=-0.0288, a ,=0.0264, a,=-0.0275, a ,=0.045, a,,=-0.015, a,,=0.067,
a,.=-0.025, a,,=0.045; b,,=-0.095, b, =0.025, b,,=-0.096, b,, =0.035, b,,=-0.058, b, ,=0.055, b,,=-0.072, b, =0.045, b ,=-
0.085, b,,=0.025, b,,=-0.015, b_ =0.25, b, ,=-0.035, b,,=0.075, b, =-0.045, b, =0.045, b, ,=-0.035, b, ,=0.065, b, =-0.082,
b108=0.025. and delays are ‘|.'1=2.45, ‘rz=2.55, 1,=3.60,1,=3.12, ‘r5=2.52, T,=2.64, ‘E7=2.54, T,=2.48, 1,=2.46, T,,=2.42, then
1Q,lI=2.012,  |u(P,)|=0.93 and t.=2.42. Thus, we have ||Q,|[|u(P,)| €* T.?=2.012x0.935xe?x2.42x2.42=81.4016 and
4eMP-27=4xe22027=38.433. Obviously, condition (18) holds. Based on Theorem 2, system (28) has a permanent oscillatory
solution (see Fig. 4). Then we change time delays as t,=1.45, t,=1.55, 1,=1.54, 1,=1.50, t,=1.52, 1,=1.62, 1,=1.54, 1,=1.48, 1,=1.46,

T,,=1.42 and k,=50, k,=40, system (28) also has a permanent oscillatory solution (see Fig. 5).

Fig. 1A ozcillation of the solutions, delays: 0.95, 0
0.a84, 0.85; I-:1 =[.84, k2 =0.74a, k3 =094

2 T T T T

| | |
0 50 100 150 200 250
(a) =olid line: w, t), dotted line: u,(t).

| 1 1
=0 100 150 200 250

(b) =olid line: u,it), dotted line: u, t).

Fig. 1B Oscillation of the =solutions, delays: 0.95, 0,86, 0.80, 0.75, 082, 075,
0.84, 0.85; k1= 0. 85, k2 =075, k3 =095

HE T30
0.2k E Lk
o EEGEVEVEL

0.1 Rl
0.2 Kl ;
:J 1 1 1
o 50 100 150 200 250
ic) Solid line: u(t), dotted line: ug(t).

i 1 1 1
D 50 100 150 200 250
(d) Solid line: u(t), dotted line: ugt).
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Permanent Oscillation for a System of n Coupled Unbalance Damped Duffing Oscillators with Delays

Fig. 2A Oscillation of the solutions, delays: 0.85, 0.86, 0.90, 0.82, 0.85,
0.88, 0.84, 0.85; k,l =[0.0285, kz =[0.0275, k3 = [0.0295.

_'H:I | 1
o0 50 100 150 200 2850 300 350 400 450 500
(8) Dolid line: u, {t), dotted line: u,(t).
1 1 1 T 1 1 ) 1 1 )
05} o
I:I - f |I : I
O5F
| | 1 | | 1 |

1 I 1
a a0 100 150 200 250 300 350 400 450 500

(b) Solid line: ugit), dotted line: ().

Fig. 2B Oscillation of the solutions, delays: 0.85, 0.66, 0.90, 0,82, 0.85,
0.88, 084, 085 k1 = [.0285, Ia:2 =[0.0275, k3 = [0.0295.

1 I I I 1 I I I I I
05h. { i I::;-.:\ i
I
OF R SRR AR
3 i IIII I'IIHII H"IEHHEIIIEI,: il Ii “:: Ii ik Ii
1 . ! ,

B 1 1 ] 1 1 1
0 50 100 150 200 250 300 350 400 450 500
(5] Solid line: u(t), dotted line: u(t).

i ! | L | | o T R
0 50 100 150 200 250 300 350 400 450 500
(d) Solid line: u. (1), dotted line: ug(t).

www.arjonline.org
N\ ARJ )
N



Permanent Oscillation for a System of n Coupled Unbalance Damped Duffing Oscillators with Delays

Fig. 3A Os=cillation of the solutions, delays: 2.85, 1.76, 1.80,1.78, 1.72,1.95,
1.74,1.85 k,l = [1.85, kz = [1.95, k3 =195

1 1 1
0 10 20 30 40 50 kO 70 50 50 100
(a) Solid line: u, (t), dotted line: u,(t).

4t ] ] ] ] B ] o ] - |.. a | - | - '
a 10 20 30 40 50 B0 70 80 80 100
(b} Solid line: u,it), dotted line: u,(t).

Fig. 3B Oscillation of the solutions, delays: 285, 1.76, 1.80, 1.78, 1.72,1.95,
1.74,1.85; k,l =(0.84, k2 = 0.96, k3 =095

05l 4

a 20 40 B0 80 100 120 140 18O 180 200
() Solid line: u(t), dotted line: uit).

-10 : |: J 1 . |. 1 : 1 .|. 1 1 1
a 20 A0 B0 g0 100 120 140 16O 180 200
(d) Solid line: u.(t), dotted line: u,ft).
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Fig. 44 Oscillation of the solutions, ©, = 2.42, k,l =30, |.;2 =Z0.
1':' T T T T T T T T T

0 2 4 B B8 10 12 14 16 18 20
(b) Solid line: ugft), dotted line: u, ().

5 T T T T T T T T T

_5 1 1 | | | | | 1 1
0 10 20 30 40 50 B0 70 g0 50 100

(c) Solid line: u(t), dotted line: u ().

Fig. 48 Oscillation of the solutions, t, =242, I-:,I =30, I-:2 =20.
"q' 1 1 1 1 1 1 1 1 1

""1 1 | 1 1 1 | 1 | |
0 10 20 30 40 50 B0 70 g0 S50 100

(d) Solid line: u_t), dotted line: ug(t).

""-1' 1 | 1 1 | | 1 | |
a 10 20 30 40 50 B0 70 50 S50 100

() Solid line: ug(t), dotted line: u, 4it).
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Permanent Oscillation for a System of n Coupled Unbalance Damped Duffing Oscillators with Delays

Fig. 54 Oscillation of the solutions, T, = 1.42, l-:,l = a0, kz =40,

o 2 4 ] g 10 12 14 16 18 20

(a) Solid line: u, (t), dotted line: w,(t).

2
ol
2 : | | |
l 20 40 B0 a0 100 120
(c) olid line: uc(t), dotted line: u(t).
Fig. 5B Oscillation of the salutions, 1, = 1.42, k1 =40, kz =40
4 . . . . .

o 20 40 2N a1l 100 120
(d) Solid line: u,it), dotted line: u ().

1 1 1
I 20 40 2N &l 100 120

(] =olid line: ug(t), dotted line: u, ,(t).
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Permanent Oscillation for a System of n Coupled Unbalance Damped Duffing Oscillators with Delays

CONCLUSION

This paper discussed a system of n coupled damped
Duffing oscillators driven by m van der Pol oscillators with
delays. Some sufficient conditions to ensure the permanent
oscillation for the system are established. This oscillation is
induced by unbalance damped oscillators and time delays.
When permanent oscillations occur, delays only affect the
oscillation frequency. Some results in the literature have
been extended.
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