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Abstract: In this paper, the use of Asymptotic Homogenization Method (AHM) is proposed to solve partial
differential equations that describe the behavior of some viscoelastic heterogeneous materials. The
mathematical statement of the problem is formulated. A theoretical and organized description of the AHM is
exposed. Analytical expressions of the effective properties for heterogeneous viscoelastic materials, using the
Laplace Transform and its inverse, are reported. Various viscoelastic kernels are considered, including
Rabotnov’s fractional-exponential kernel, to describe the behavior of laminate viscoelastic composites. Finally,
numerical results are obtained to validate the use of the method.

Keywords: Asymptotic Homogenization Method — viscoelastic materials — effective coefficient — Laplace
Transform — Rabotnov’s kernel.

INTRODUCTION

Unidirectional fiber polymer composites show evidence of significant viscoelastic properties under shear and
the last (ones) in turn induce viscoelastic properties of layered laminates. The most common approach to
description of long term loading is in use of constitutive hereditary equations (see [1], [2], [7], [8] and [10]) or
relationships following from them (see [5], [3] and [9]). Engineering practice is confined by creep, creep and
recovery or constant rate tests of crossply composites to define viscoelastic properties.

It is of value to choose of suitable approximating function that is a kernel of hereditary equation. For the most
part these are powerlaw (see [9], [11], [5] and [3]) or exponential creep (see[8], [9] and [10]) relations. To
improve data approximation in [9] linear combination of powerlaw and exponential functions was used.
Rabotnov’s fractional-exponential function [1] possesses properties of power-law (shorter time) and
exponential (longer time) functions. Nonlinear viscoelastic behavior is generally represented as the extension
of linear models (see [1], [2], [7] and [10]), taking into account some irreversible effects. Of great importance is
interrelation of creep and relaxation properties (see [1], [2], [6] and [7]). From analytical point of view,
interrelation of viscoelastic properties implies inverse of the constitutive equations or establishing
interrelation between creep and relaxation functions. The procedure of the constitutive equations inverse can
be established by means of Laplace transform or resolvent operator. This study in terms of resolvent operator
properties was intended to obtain an efficient approach of establishing interrelation between the constitutive
equations describing the viscoelastic properties of layered laminates.

Today is extended increasingly the utilization of differential equations in the study and model of natural
phenomena and technological processes, particularly through conservation laws, as a general principle for
building models. The inability to obtain exact solutions in the equations that describe various phenomena of
physics, biology, the economy and other sciences, has led to the need to search methods of approximate
solution to their solutions.
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Perturbation theory is responsible of providing these methods of construction of approximate solutions for
families of problems in differential equations, which have certain characteristics as very small parameters and
rapidly oscillating parameters and which would generate a very high computational cost if they were resolved
by computational methods. The methods can be appreciated in the theore-tical design of composite materials,
looking for effective properties without their manufacture; this causes a considerable saving of time and
materials. Homogenization methods are of the more used for its effectiveness. Such techniques have important
applications in the analysis of physical and mechanical problems of compounds, or in dispersed porous media,
among others.

In this work, the use of Asymptotic Homogenization Method in double scale is proposed for solving partial
differential equations that describe the behavior of some viscoelastic heterogeneous materials.

MATHEMATICAL MODEL

A viscoelastic bar of length L is considered, subjected to the action of a volumetric force f(x). The operator
r(e)is a viscoelastic operator. The aim is to find the displacement function u(x,) solution of the following

static problem,
Pu(x,t) = f(x)

xfo:uo;VteR

u(x,t)

|
©)]

|u(x,t) «-L=u";VteR

[U(X,t)‘t:oz 0;vxel0;L]

where the operators involved are defined as follow

P(s) = %(f(x, 3 (%)) W

f(x,t)(-):=f0tr(x,t—r)%dr (2)

The operator f interms of the displacement, is rewritten

N d , d (0 ,
(X, t)(—ua(i t)) = fot r(x,t— T);( ua(;c t)) dr (3)

r(x, t) is called creep kernel or viscoelastic modulus and represents a property inherent to the material, which
is obtained experimentally. In this case, we consider the kernel with the following properties.

Additional properties of the kernel
a. r(x+ne, H=r(x, t) for n=1,2,..., and e<< L.

(e-periodic) (see Fig.1)

X X
b. r(—,t)is l-periodic in y, where y = — is a fast variable that varies depending of the microstructure of the
& &

material.
c. rneC”®)
d. 3a,p,t, suchthat0 <a <r(y,t))< f <o, VyeR

e. f(x)ecCc”([o,L]).
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The creep kernel becomes a rapidly oscillating property when &40 taking into account the condition (a). The

magnitude € is called period of the structure, besides, this length is very small relative to the length of the bar.
Under these conditions can be used the asymptotic homogenization method AHM (see [12]). The study of
change of creep kernel only is discussed in the segment of length ¢ (called periodic cell).

s“i. _

(n-)€ ng
X

0 £ 2¢ 3¢ 4

Figl. Viscoelastic heterogeneous bar

The condition (b) is a consequence of introducing the variable vy = X in the condition (a). This provides a

&
second scale where is analyzed the fast or local variable y whereas the variable x is called slow or global
variable.

Solving (@ ) by two-scale homogenization method

Homogenization techniques are used to obtain the effective behavior of the composite. Here, is proposed the
two-scale homogenization technique to find the solution of the problem (®). The method consists in to build a
formal asymptotic solution (see [12]) as solution of the problem. The asymptotic is defined as follows,

u(x, et) =, € Ui(x,y,t) (4)
i=0
where, u;(x,y,t) = u;(x,y + 1,t)Vi, Vxe [0, L] and VteR (means that, they are one periodic regarding to
the variable y) and u, e C”([0,L]x R?), Vi.

0 .
ia;l to any function u;(x, y, t) in (4), by the chain rule it is transformed

0(s) _0(s) 1)

If is applied the operator

)
oX oX g 0y
Let’s define the following operator
0 . 0(e)
L, (®):=—({F(y.0)(—)), (6)
oa op

for a, B=x, y indistinctly.

Taking the asymptotic (4) as the approximation of the exact solution of the problem (®), it is replaced into the
left hand side of the differential equation, having in account (5) and (6). Equaling in powers of both members,
are obtained the following problems,

-2

¢ L (u)=0, (7)
-1,
& .ny(u0)+ Lyx(u0)+ Lyy(u1)=0, )
0 .
e 1L (u)+ ny(u1)+ Lyx(u1)+ Lyy(uz) - f(x)=0. 9)
Besides, replacing (4) into the Dirichlet boundary conditions can be assumed,
L
u,(0,0,t) =u”, u (L,— t)=u", (10)
&
L
u,(0,0,t) =0, u,(L,—,t)=0,vi>0. (11)
&
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Results in (10) and (11) are justified by the fact that the formal asymptotic solution is obtained by
construction; then is taken of this way for convenience.
In order to solve (7)-(8) can be used in each case a differential equation of the formL (u;)=F . The

following lemma is needed. (see proofin [13])

Lemma 1: Consider the differential equation
d . 0P
— (K& L
dy; 79y,

i

)=F,

in a Y-cell, where ¢ is Y-periodic and F ELZ( Y). Then the following statements are satisfied
(i) Exists a solution Y-periodic ¢ if and only if (F)=0.
(i1) If the solution Y-periodic ¢ exists, then it is unique up to an additive constant.

Is necessary to find the functions u; with i=0,1,2 such that are satisfied the equations (7)-(9). As the
viscoelastic operator r (x , t) depends on the time variable, this makes that be possible to apply the Laplace

Transform or the Laplace-Carson version and the result can be manipulated algebraically. From now on, the
functions in Laplace’s space will be written in capital letter and dependent of parameter (p). The same

notation, with the symbol ( ~ ), denotes Laplace-Carson’s space.

Problem for g2

The problem (7) can be presented as follows

L, u,(x,y,t) = 0, (12)
0
u,(x,y,t)1_, = u, VteR
L
UO(X, y»t)lsz = u ., VteR
uo(Xa y:t)lt:O = 0, vxe[0,L].
Solution
Substituting (6) into equation (12), it is obtained
o (. (du (x,y,t)))
—| Py, t)) ———— =0,
AN Lo JJ
A (ou, (x,y,t))
r(y,t)L—" = c(x,1),
ay
using (3),
tn o (ou (x,y,7))
[Py ton 2 YT g o,
0 ot oy J
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The following change of notation is taken

ou,(x,y,t)
— 7 > =w, (X, Y1), (13)
fotr(y’t_r);_r(wl(x,y,t))dr:c(X,t) (14)

Applying the Laplace-Carson transform to (14)

t

0
L Ifry, t—T)a—(Wl(X, y,r))dz]= L [c(x,t)],
T

0

and using the Convolution Theorem,

f(r

L[ g(t-7) Lar1-G(p)+ (F(p)- 1 (0)

dr

is obtained

R(y, p)*(Wi(x,y, p) - w,(x,y,0)) = C(x, p),

and from (12.3) and (13) is obtained w, (X, y,0) = 0 . Continuing with the analysis,
R(Y, P)*W i(x,y,p)=C(x,p), (15)

W, (x,y, p) =C(x,p)*R(y, p) . (16)

The average over the cell, defined as

1

(F(y) =| F(y)dy,

0

is applied to (16),

Wa(x,y,p)) = (C(x,p)*R(y, P)7),
Wi(x,y,p)) = C(x,p)*(R(y,p) ) (17)
. . . ou (x,y,t) . .
As u (x,y,t) is1-periodicrelated to the variable ythen ————— s 1-periodic; property that is
ay

transmitted to W ; (x,y,p) because the transformed doesn’t act on the variable y. Thus,

(W1 (x,y,p)) =0,

C(x,p)=0. (18)
Replacing (18) into (15)
R(y,p)*Wi(x,y,p) =0,
itis obtained

W i(X,y,p)=0. (19)
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Applying the inverse Laplace-Carson Transform to both sides of (19),
LW 1 (x, ¥, p)] = L. [0],

ou,(x,y,t)
——=0. (20)
ay

Notice from (20) that this expression does not depend on y, then
u,(x,y,t) = v(x,t). (21)
Besides, from (12.1), (12.2) and (12.3) it follows that
u,(0,0,t) =v(0,t)=u’, VteR

Up (L,gi,t) =v(l,t)=ul, VteR

uo(x;:V: t)lt:0 = Ol Vx € [Ol L]

Problem for g1

From the expressions (8) and (21) can be considered that

L, (U (x,y,t)) =L, (v(x,t)) = 0.In this case the problem (8) is stated as follows

Lyy(ul(x,y,t)) = —Lyx(uo(x,y,t)), 22)
uy eyl g = 0, VeR
u eyl _p = 0, VeR

u el = 0, vxel0,L].

Solution

The problem in (22) has the form L,,u: = F wereu  isa 1-periodic function andu  is infinitely differentiable

function, then the right hand side of (22) belongs to L? (R). The hypotheses of Lemma 1 are satisfied.
Therefore, if (F)=0 is verified then the existence of a 1-periodic solution is guaranteed for the problem. Indeed

d v (x,t
)= (L, ou)) = - (i y o ety
oy oX
o . (ov(x,t)) (ov(x,t)Y/ o
= — e ,t —_— = - _— —_— ,t
ay(r(y ))L ~ J L ~ J ay(r(y ))
(ov(x,t)). o (ov(x,t)) )
= — —_— — ,t d = — lt :O'
L . J{ay(r(y ))dy L—ax Jr(y ) 1, (23)

As creep kernel r(y, t) is 1-periodic then the difference between operators is canceled and it is obtained (F)=0.
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The solution of the problem (22) is proposed as follows

ov (x t)

u(x,y,t) =m(y, t) ——+ k(x,t), (24)

where m(y, t) and k(x, t) are infinitely differentiable functions and m(y, t) is 1-periodic, besides it is assumed
m(0,)=m(1,t)=0.

This general form is obtained by separation of variables in the problem (22). Incorporating the condition (ii) of
Lemma 1 and using the boundary conditions of the problem (22.1) and (22.2) it yields

ov(0,t)
u,(0,0,t) = m(y,t) + k(0,t) = k(0,t) =0,
ox
L ov(L,t)
u, (L )—m(— t) —+ k(L,t) = k(L,t) =0.
OX

Therefore, the function k(x, t) can be zero for all xe [0, L] and ¢ € R.

Substituting equation (24) into (22) is obtained
Lyy (UI(X, y,t)) = - Lyx (V(th))r

ov(x,t)

Lyy(m(y,t) ):—Lyx(v(x,t)), (25)

using (6) into (25) and solving it

oX

o (o av(x,H)))) o (. (ov(x,t)))
glkr(y-t)tgkm(y,t) . U}I——gtr(y,t)t o U

o (o V) av(x, t_
— r(y,t)L—m(y,t)+1J| (26)
ay oy ) ox
From (26) is obtained
o . (o 3
—f(y,t)] —m(y,t)+1|=0,
o oy )
( ( 1
iIf(y,t)Lim(yt)J *——(r(yt)) (27)
ay oy )

0
Notice that (27) is of the formL m = F and as was discussed, from (23) is obtained <—( F(y,t) )> = 0 .This
ay
makes that the hypothesis of Lemma 1 are satisfied. Therefore, the existence of a solution m(y, t) 1-periodic for
(27) is insured.
To find the function m(y, t) is necessary to solve the so-called cell or local problem,
Local problem

The local problem is stated as follows

(o N
Tty Lmyye1] -0 (28)
AN Lay J}
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m(0,t) = m(,t) =0, Vte R
m(y,0) = -y, vy € [01]
The initial condition (28.2) is taken for convenience.

Solution of the local problem

Solving the Eq. (28) we have

N 0
r(y.t)(—m(y,t)+1) =ca(t) (29)
ay

applying the Laplace-Carson transform in both sides of (29)

‘ o (o \ 1
C|J'r(x t—r)—L—m(y r)+1Jd(r)|—L [c, ()] (30)
L% or \ oy |
and using the Convolution Theorem in (30), the following expression is derived
[ o 1 (o V1
R(y, ID)IL —m(y,t)+1 |- —m(y,0)+1|=
oy oy |
Now, from the initial condition (28.2), is obtained

~ F

P
d C.
<—M(y p)+1> LIRS
oy R(Y,p)

(%M(y.p)>+1=fz(p)<ﬁl(y. p)>- (32)

1 -
(y, p)+1J=Cz(p), (31)

Q)|Q)

As m(y, t) is 1-periodic in relation to the variable y, then M (y. p) is 1-periodic as well. It implies that,

o ~
< M ( Yy, p ) > =
oy
From (32), finally is obtained,
G = (R e (33)

Substituting (33) into (31) and after some algebraic manipulations,

M(y,p) = (R, p) 7" ) =——dy —v (34)

R(y.p)

The function (34) is the analytical solution for the local problem. The expression (34) is called local function
and is given in the Laplace’s space.
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Problem for g0

According to (9), the problem is stated

L, (uyxy) = AL (L L (), (35)
uz(xa%t)|x:0 = 0, VteR
u2(x’y’t)|x=L = 0, VteR
Uy X0l gy = 0, Vxe[0,L].

The problem (35) is given of the form Lyyu2=F where u, is 1-periodic. The functions v(x, t) and m(y, t) are

infinitely differentiable functions, implyingF e L*(R) .The hypotheses of Lemma 1 are satisfied. If the

condition (F)=0 is verified then insure the existence of a solution for the problem (35) and is guarantee that
the formal asymptotic solution can be constructed.

Indeed, this is possible
<F>:<—Lxx(u0)—ny(ul)—LyX(ul)+ f(x)>. (36)
Substituting (24) and (24) into (36),
av(x, 1)) ( ov(x, 1)) f(x)>

<—Lxx(v(x,t))— ny{m(y,t)a—XJ— Lyka(y,t)a—xj+

ov(x,t))
OX

= (L, (v(x,1))~ <ny (m(y,t)

ov(x,t)
_<Lyx(m(y,t) )>+ f(x). (37)
OX

—_—

(A)

From (37), is solved the expression denoted by (A),
( )
L (morn PO ) 2l S mey 2D
(ro )= om0 50

Thus, using (6), the expression (37) is transformed

o[ (ov(x,t))) 0 (o av(x,t) )
:_<5_XLr(y’t)L5—XU>_ —(r(y t)Lﬁ_ (y,t) - )J + f(x),

>a (av(X, t)] £ 0)

0
<r(y t)+r(y,t) —m(y,t) L
OoX OX

oy
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= f(y,t)(%m(y,ml} %[%} f(x).

(B)

[N — PR —

Previously, in the local problem (see (29), (31) and (33)) was analyzed the term denoted by (B).

In view of the foregoing we obtain

o (av(x,t))

Ny
=-L. L<R (y,p)> Ja—XLG—XJ+f(X).

The requirement (F) = 0 is necessary, Therefore is obtained the homogenized problem

LR (o, ) 1 (2240) = f(x) (38)

where the solution is denoted by v(x, t). Besides, are taken the following Dirichlet boundary conditions,
V(O,t)=u0, VteR

v(L,t)=uL, VteR
and the initial condition
v(x,0=0, Vxe[0,L].

The coefficient

1 =t -1
h(x,t) = Lo [(R (x,p)) "], (39)
is the homogenized or effective coefficient and will be denoted for the variable h.
EFFECTIVE COEFFICIENTS FOR ONE-DIMENSIONAL TWO-PHASE VISCOELASTIC COMPOSITES

Two-phase viscoelastic composites made of two different homogeneous materials are considered, in other

words, r(s)(y,t)zr(s)(t) with 0=1, 2. In the Fig 2 is shown the periodic cell of length €, related to the local
variable, where the supra-index &=1, 2 indicates the corresponding material.

The creep kernel is taken as follows

(6] : (€]
L) ro() if yeQ'w,

lr?) if yea®,

for a region Q) that is made of two regions, Q(S), 6=1,2 where Q(l)=(0 v] and Q(2)=(y 1), it means that,
a=[o1{0luva®ua®u.

Fig2. Periodic cell for a two-phase one-dimensional composite

Taking the structure of the bar in account and based on that the creep kernels are homogeneous in Q(S)
respectively, the effective coefficient (39) is transformed as follows
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1 1 1

ﬁ(p)=<ﬁl(p)>l= - 5 - 5
(R7(p)) o 1
[R (p)dy ﬁ(p)oly

~ (1) ~ (2)
1 R (MR_(D)

v 1

1 1 a- R+ R ()
I~(1) dy+J‘~(2) dy
R TR ()

|' ﬁ()( ~ (2) '|
. . PR (p)
h) =L [H(m]=1L] — . (40)
[ @-7R (pP)+7R (p)

In (40) is written the general form to compute the effective coefficient for two-phase one-dimensional
viscoelastic composite.

Example 1
Now, we study a particular type of one-dimensional composite. A two-phase viscoelastic composite with the

following creep kernels is considered

@ ey _ : ®
L) ro(t)=a if yeQ,

[r @) =be™ if yea®,
where a, b, ¢ € R (see [14]).

Applying the Laplace-Carson transform to the above creep kernels r(S) for 6=1, 2 the expressions for the
kernels are written as

RV (p)= L. r™ ()] = L [a] = a, (41)

~(2) (2) _ct bp

R (p)=L.Ir()]=L.[be "]=——. (42)
cC+p

Replacing (41) and (42) into (40) and grouping conveniently, is obtained a simplified expression,

ap

H (p) = : (43)
B+p
where
_ ab ac(1-y)
T a(l-y)+b and  f a(1-y)+b (44)

To determine the inverse Laplace-Carson transform of (4) the Cauchy residue theorem is used (see [14], [19]).
The procedure is the following

n
=L F@)= - 3 RestePFip)s)), (45)
k=1

where s ,s,....,s, arethe polesof F(p) andif s, isa pole oforder m of F(p) then

n

k

1. dm-1
Res(F(p)e™,s;) = mhmp—mk apm—1 (p — sk )™ F(p)e?* (46)
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Using (45) to calculate (43) it yields

arc -1|7’|'T -1|— 1
h() = LA (p)]= L7 (p)|:L ﬁ“ f
L P | tp

(04
B+p

ept = ae“ﬁt

Res (== ePt,p | = lim (p +B)
B+p p~-B

The corresponding curves of the effective coefficient as a function of time are showed in Fig 3 for several values
of the constants a,b,c and y. The method to obtain the analytical expressions of the inverse Laplace-Carson

transform is reported in [14]

1.0 T T T T T T T T T T T T v T
a=20; b=17; c=1; v =01
a=1; b=18; ¢c=2; y =0.5
a=1; b=2; c=3; y =0.99
08 F
= 05 =
=
03}
0

Fig3: Computation of the effective coefficient for different parameter values.

Example 2
The creep kernels that characterize the viscoelastic behavior of the material are taken as
r% =a +be ™ if yeQ®,
r (5) _ 1 1
[r(z)(t) —a,+he ™ if yeQ®,

where a,,a,,b,b,,c,c, e R (see[14]).

Applying the Laplace-Carson transform to the above creep kernels r(s) for 6=1, 2

@ — b, p

R (p)=LIr”®m]=1L.[a,+be *]=a +——,
p+c,

~ (2) b

R (p) = Llr® (0] = Lola, +bye “]=a, + —2—
p+c,

(47)

(48)

(49)

In the same way, substituting (48) and (49) into (40) and after some simplifications, the following expression

is obtained (see [14])

American Research Journal of Physics
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2
~ a,p +b,p+c
N N N
H(p)= . : (50)
a,p +b,p+c,
where
a, = aa,+ab,+a,b +bb,, (51)
b, = aa,c,+aa,c +abyc +a,bc,,
c, = a,a,cgc,,
a, = a +h —-ya —yb +ya,+yb,,
b, = a,c,+ac, +bc,-yac,-yrac -ybe,

+ya,c, +ya,c, +yb,c,,
c = ac.c,-acc,y+a,cc,y.

D 171

As in the previous Example 1, (45) is used to calculate the inverse Laplace-Carson transform of (50)

. LITH( ]
h(t):LCl[H(p)}:Ll| |
L P ]
=L’1|r a,p’ +b,p+c, LLJ A(p) 1
Lp(aDp2+pr+cD)J [ p(p—s,)(p—s5;) |
where,
A(p)=a,p’ +byp+c,
and
—b, + /b’ — 4 -b —4/b2-4
slzo’sz _ D + D aDCD ’33 _ D D aDCD )

2a, 2a,

H

are the poles of ) . Having into account (45) and (46),

WA T2 T Ame” |
L | = Re3| 'S |-
Lp(p_sz)(p_sg)J k=1 Lp(p_sz)(p_sg) J
Finally
ht) = A(0) . A(s,)e” . A(s,)e” 52)

S,5; 52(52 _53) S3(53_52)

In (52) is obtained an analytical unified formula for the effective coefficient. For this purpose, it supposed that
the order of the poles, once calculated, is always 1. If to some set of data, any one of the poles has major order
than 1, then would have to do changes in (52) (see (45) and (46)).
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In the Fig4 is showed to calculate the effective coeficient a comparison between the use of the analytical
expression (52) and the use of a numerical algorithm developed in MATLAB.

v 1 v 1 v 1 M 1 M |
. Data Analytical expression.
24x10° = ay=1 — - = Numerical algorithm.
i byy=2
cN=3
1,8x10" |-
ap=1
| bp=1
— cD=-6
< 12¢10" |-
6,0x10° |~
N 1 N 1
0 20 40

Fig4. Comparison between the use of the analytical expression (52) and the use of a numerical algorithm
developed in MATLAB.

Example 3

In the two previous examples the proposed creep kernels were exponential functions. This facilitated the
obtaining of analytical expressions of the effective coefficient. However, the exponential function kernels or
their linear combinations, do not always describe correctly the viscoelastic behavior for some determined
materials (see [17], [18]). The situation is solved with the use of fraction-exponential functions (see [21], [22])

i (B (t=2)"
- = (t -
KA R Y muptyraes 53)

with —1<0<0, as kernel of the viscoelastic operators. These enable an analytical obtaining of the results under
the use of the Laplace transform and at the same time, present an excellent concordance with the experimental
data (see[17], [18]). Taking the creep kernel as a fraction-exponential function or Rabotnov’s kernel,

r(t)y=A4Au, >, (B,1), (54)
where
l 'Lloo B ’LlO
p = 1_a7ﬂ~=ﬂ(1—€max)= s (55)
T M,
T is relaxation time, His the shear modulus at 7—00, uois instantaneous shear modulus and € is

maximal shear strain. Then the viscoelastic behavior of the materials is described for the following four
parameters u, a, 8 (or T) and A (see [17], [18]).

The algebraic properties of the Rabotnov’s kernel are very well developed in [20]. One of the most important
aspects that is exposed in the theory of these functions is the analytical way of its Laplace transform

o

_pt 1
L[>, (B.0]=[>, (B.t)e " = ———. (56)

a
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Applying the Laplace-Carson transform to the Rabotnov’s kernels in (54) and according to (56) is obtained

~ (1) A, p
©) ©) 1701
R (p)=LcIr (O]= pLIr ()] = LAy 5, (B0]= ——, (57)
X + ﬂl
~(2) AP
R (p)= LI 1= pLIr'™ ()] = pLIA,ky, 5, (B, D] = ——2, (58)
X+ B,
. . 11—«
where is taken the variable x=p .
Replacing (57) and (58) into (40) and after some simplifications, it is found an expression of the form
~ M p
H(p)= ; (59)
X+ X,
where
M HorM Moo (1202 1 Py 1R HgoPy (60)
— . x.= —
R S R G U T R T
To determine the inverse Laplace-Carson transform of (59) can be used (56)
o~ 4 H(p)
h(t) = Lo TH (p)]= L [—]
p
R . M
=Lt =L l[T]z M 5 (X,,t). (61)
L X+ X, J p + X,

Finally, using the Rabotnov’s kernel as the creep kernel to describe the behavior of the materials, is obtained in
(61) an analytical expression to calculate the effective coefficient of the material. The great advantage that has
the use of these fraction-exponential functions of Rabotnov because in addition to be a guarantee for the
experimental data, they enable an elegant analytical modeling of the problem.

In the Fig 5 is showed the effective coefficient calculated in (61) for real values of the parameters #,,a, 8 and

A (taken from [18]) and its comparison with the numerical result.

7
6x10 T 1 T T v I .
Data
$,=0.98 Analytical expression.
5x10" B 1,=0.45 — - — Numerical algorithm.
5=0.
3\.]:49,6
. 1»=29,6
ax10° =047
v=0.5
, ug=1.76e6
3x10° H 1192=0,98e6
2x10" H
1x10" |-
0 M 1 1 1
0 5 10 15 20

t
Fig5. The graphic of the effective coefficient
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CONCLUSION

The present work studies the behavior of one dimensional viscoelastic composites under different kernel
functions. Using the two scale asymptotic homogenization technique, the local problems and effective
coefficients are derived. A mathematical justification is given and shows the effectiveness of AHM to solve one
dimensional viscoelastic heterogeneous problems. Several analytical methods to calculate the Laplace
transform are exposed. The use of fractional exponential functions reveals a great benefit for the computation
of the effective properties. Besides, numerical results are shown using real parameters taken from the

literature.
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